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Abstract

We study how much information about a Harsanyi type is needed to deter-
mine its iterated best replies. For any finite incomplete-information game, we
define Strategic Quotients, which retain only the finite-order descriptions needed
for this computation. We show that there is a unique smallest such representa-
tion, the Strategic Type Space (STS). Its types are exactly interim correlated
rationalizability hierarchies, and each hierarchy is rationalized by a belief over
nature and opponents’ strategic types. For each player, these hierarchies are

the label sequences generated by a finite automaton.

1 Introduction

As shown by Harsanyi (1967), a player facing uncertainty about payoffs cares about
the payoff-relevant state of nature, but also about the actions of her opponents. Since
opponents’ actions depend on their beliefs about nature, the player’s beliefs about

others’ beliefs about nature are strategically relevant. In turn, opponents’ choices are
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influenced by their beliefs about beliefs, so the player’s beliefs about those higher-
order beliefs are strategically relevant as well, and so on.

Harsanyi type spaces encode this recursive structure by associating each type
with a belief over nature and the other players’ types. The universal type space of
Mertens and Zamir (1985) represents the resulting hierarchies of beliefs. Because
it is game-independent, it retains every distinction that may matter in some game.
This generality comes with a complexity cost. Even when nature has only two states,
first-order beliefs form an interval such as [0, 1], second-order beliefs are probability
distributions over nature and that interval, and higher-order beliefs iterate this con-
struction. Eliciting higher-order beliefs and designing information on the universal
type space are therefore difficult.

We instead fix a game and retain only distinctions that affect strategic behavior
in that game. This permits simpler, game-dependent descriptions of information.

We call such a reduced representation a type space quotient. A reduced type sum-
marizes a class of beliefs, and every belief over nature and opponents’ reduced types
is assigned a reduced type. We focus on quotients that retain enough information
to compute iterated best replies. At each finite order, they record the best replies
to beliefs over opponents’ preceding descriptions; consistency across orders gives a
strategic-description tower. A Strategic Quotient is a type space quotient admitting
such a tower.

We define the Strategic Type Space (STS) as the unique smallest Strategic Quo-
tient: every Strategic Quotient has a unique belief-preserving reduction to it. We
prove that the STS exists and that its types are exactly ICR hierarchies. Each hier-
archy is rationalized by a belief over nature and opponents’ ICR hierarchies.

Our main result shows that, for every finite game, the STS is generated by a finite
automaton. Universal belief hierarchies become more complex at each order, whereas
the successive strategic descriptions of a fixed finite game obey a finite recursion.

Recursive arguments already underlie strategic contagion in binary-action super-
modular games with action-dominant states, including the Email game of Rubinstein
(1989), the robustness analysis of Oyama and Takahashi (2020), and the information-
design analysis of Morris et al. (2024). Our construction applies to every finite game.
The examples in Section 5.2 illustrate how the recursion depends on the game’s pay-
offs.

The remainder of the paper is organized as follows. Section 2 relates our con-



struction to the literature on rationalizability and universal type spaces. Section 3
introduces the notation. Section 4 defines interim correlated best replies, type space
quotients, and strategic-description towers; it then constructs the STS as the space
of ICR hierarchies and proves its existence and uniqueness. Section 5 proves that
the continuation state space is finite, derives the finite-automaton representation,
and illustrates it in two binary-action examples. Section 6 discusses other solution
concepts, common-prior models, and possible extensions. The appendix contains the

proofs omitted from the main text, including the finite-state argument.

2 Related Literature

Rationalizability and Information Rationalizability was introduced by Bern-
heim (1984); Pearce (1984) for complete-information games. Dekel et al. (2007) ex-
tend it to incomplete-information games through interim correlated rationalizability
(ICR). For each type, ICR repeatedly removes actions that are not best replies under
any state-contingent, correlated belief over opponents’ types and actions compatible
with that type’s belief. Dekel et al. (2007) show that two Harsanyi types have the
same ICR actions in every game if and only if they induce the same hierarchy of be-
liefs. They also show that the actions surviving round m are measurable with respect
to the type’s order-m beliefs. This result motivates our coarser, game-dependent
representation.

Several papers relate information coarsenings to ICR. Chen et al. (2017) define
frames, which are finite partitions of belief hierarchies that respect the types’ belief
structure and are therefore special cases of type space quotients. Chen et al. (2014)
study collections in the universal type space that are closed under best replies. Chen
et al. (2016) provide an algorithm for computing ICR hierarchies and use it to study
refinements. We instead fix a game and construct its smallest representation of strate-
gically relevant information without starting from a particular Harsanyi type space.

Our finite-state recursion for ICR is new.

Universal Type Spaces Mertens and Zamir (1985) construct the universal type
space recursively from finite-order beliefs, using topology to extend complete belief

hierarchies. Ely and Peski (2006) give a related strategic characterization for a version



I Both constructions concern

of interim rationalizability that restricts correlation.
information that may matter in any game.

Our construction, like the purely measurable universal space of Heifetz and Samet
(1998), imposes no topological assumptions on the input Harsanyi type spaces. Gen-
eral measurable state spaces raise extension questions that depend on the chosen
definition of a belief hierarchy.? The simplification we obtain by fixing the game is a
countable space of strategic hierarchies with finitely many continuation states.

Every finite best-reply hierarchy extends to a complete hierarchy, and every com-

plete hierarchy is rationalized by at least one belief over nature and strategic types.

3 Preliminaries and Notation

All spaces are measurable, and products carry the product o-algebra. For a family
(X:)i, write X == [[, X; and X_; = H#i X;. For maps f;: X; — Y, write f = (fi);
and f_; = (f;)j» for the corresponding product maps. We write (idg, f_;) for the
map (k,x_;) — (k, f_;(x_;)), where idf is the identity on K.

For a sequence x; = (2 y)n, let proj,(z;) = z;,, and let proj_;, be the corre-
sponding product map, so proj_;,,(v_;) = (7jn);2. The cardinality of the underlying
set of X is denoted by | X]|.

The set of probability measures on X is denoted by Ay and carries the cylinder

o-algebra.?

For Z =Y xI],.cns Xm, where M is at most countable, margy,(p)
denotes the marginal of p € Az on Y x X,,. For a measurable map f: X — Y, pof~!
denotes the distribution induced by f. For countable spaces we omit measurability
qualifications, and supp p denotes the support of a countably supported distribution.

In diagrams, an arrow from X to Y on the subscripts denotes the induced map

from Ax to Ay:

1See Section 6.

2Pintér (2012) defines a particular purely measurable hierarchy space and asserts the required
inverse-limit property for every hierarchy in that space and provides its representation in the com-
plete universal type space but distinguishes this hierarchy construction from the one used in the
Heifetz—Samet counterexample.

3This is the o-algebra generated by the sets {p € Ay : p(E) € [a,b]} for measurable E C X and
0<a<b<l.



Ax

Ay

Double-headed arrows denote onto maps. The finite set of players is I, the finite
state space is K, the finite action sets are (A;);cr, and payoffs are given by u: Ax K —
R,

4 Strategic Type Spaces

This section introduces strategic type spaces. Subsection 4.1 defines the best-reply
correspondence underlying interim correlated rationalizability. Subsection 4.2 defines
Strategic Quotients and the smallest such quotient, the STS. Subsection 4.3 con-
structs the STS as the space of best-reply hierarchies and establishes existence and

uniqueness. Section 5 gives its finite-automaton representation.

4.1 Interim Correlated Best Replies

A Harsanyi type space H consists of a family of measurable spaces (T;);c; and mea-
surable maps m;: T; — Agyr_,, where m;(t;) represents type t;’s belief over the state
and the other players’ types.

Let B; = 24\ {@}. A belief p € Ag,p5_, specifies the state and an available
action set for each opponent. A compatible joint distribution additionally selects an
action from every announced set. Formally, let Q;(p) be the set of compatible joint

distributions q € Agxp_,xa_, satisfying
margyx s ¢ =p and C]({Uﬁb—i,aﬂ') ra—; € b,i}) =1
Player i’s best-reply correspondence br;: Agyp , — B; is

br;(p) = U arg max E, [ui(ai,a,i, k)}

As in Dekel et al. (2007), ICR on a Harsanyi type space is defined recursively by



The sequence (ICR;"(t;))m>0 is the ICR-hierarchy of t;, and ICR,(¢;) := (), ICR}"(¢;)
is its ICR set.

We now state the monotonicity property of br used throughout the paper. Beliefs
p; P € Agxp . admit a nested coupling if there is a distribution \; € Agxp_.x5_,

whose marginals on (k,b~;) and (k,b",) are respectively p; and p;” and such that
X ({(k,07;,0%,) - by C b for every j #i}) = 1.
Lemma 4.1 (Monotonicity of br). If p; and p; admit a nested coupling, then
br;(p;) € bri(p).

The proof is in Appendix A.1.

4.2 Strategic Type Spaces

We first define type space quotients. A type space quotient assigns a reduced type to
every belief over the state and opponents’ reduced types, while preserving the belief

structure of every Harsanyi type space.

Definition 4.1 (Type Space Quotient). A pair ¥ = (S;, 8;); is a Type Space Quo-
tient if the maps [; are measurable surjections and, for every Harsanyi type space
H = (T;,m;)i, there exists a family of measurable maps (x;); for which the following

diagram commutes:

T
T, —— AKXT,Z-

s

Si <B—L Asz,i

The diagram says that a type’s reduced description depends only on its induced
belief over K x §_;. Thus two Harsanyi types with the same induced belief receive
the same reduced description. The converse need not hold: distinct induced beliefs
may receive the same description.

Reduced types therefore partition beliefs.* In a Harsanyi type space, each type

has a unique belief. A type space quotient instead allows several beliefs to share the

4Chen et al. (2017) define frames as partitions of belief hierarchies in the universal type space of
Mertens and Zamir (1985) that respect the types’ belief structure. Frames are special cases of type
space quotients.



same reduced type and can therefore discard distinctions present in the original type
space.

The singleton §; = {*} with the constant map 3;: Axxs_, — {*} is a type space
quotient for any game. Thus the quotient property alone may discard strategically
relevant information. The Mertens—Zamir construction represents a type by a con-
sistent hierarchy of finite-order beliefs. For a fixed game, we retain at each order
only the resulting set of best replies to beliefs over opponents’ preceding descriptions.

Consistency across orders gives the following tower.

Definition 4.2 (Strategic-Description Tower). Let (S, 3) be a type space quotient. A

strategic-description tower is a family of measurable maps
dr . S, — B icl, m>0.

Writing b7 for the last coordinate of d™, the tower satisfies d9(s;) = (A;) and, for

every p; € Agxs_, and every m > 0,
A (Bi(p)) = (& (Bi(pi)) ., bri(pi o (idi, 8™) 7)) .

The tower preserves every finite round of synchronized ICR: all opponents are
evaluated at the same round m. It does not require a description to determine best
replies when different opponents are evaluated at different rounds.

Because f3; is onto, the order-(m + 1) description contains the order-m descrip-
tion as its prefix. The tower records successive best-reply sets while discarding be-
lief distinctions that never affect them. It parallels the Mertens—Zamir hierarchy:
their recursion adds a belief over nature and opponents’ preceding belief descriptions,

whereas ours adds the resulting best-reply set.

Definition 4.3 (Strategic Quotient). A Strategic Quotient is a triple . = (S, 3, d),

where (S, B) is a type space quotient and d is a strategic-description tower.

The universal type space, endowed with its induced finite-order strategic descrip-
tions, is a Strategic Quotient. In a game without uncertainty, the singleton type space
is also a Strategic Quotient.

The next definition formalizes when one Strategic Quotient is a reduction of an-
other. Let .% = (§, E, 07) and .7 = (S, 8,d) be Strategic Quotients.



Definition 4.4 (Morphism). A morphism, or reduction map, from S to S isa fam-

ily of measurable surjections (; S; — S; such that the following diagram commutes:

-
S'i AI(><5~7i

.

Si T AKX:SLZ'

and
d;”o(,-:czm for every i € I and m > 0.

The Strategic Quotient . is smaller than izf there exists a morphism from 7 to
7.

The first condition preserves beliefs over the reduced space, and the second pre-
serves every finite-order strategic description. Thus a smaller quotient removes dis-

tinctions without changing either the induced beliefs or the strategic descriptions.

Definition 4.5 (STS). A strategic type space (STS) is a terminal Strategic Quotient:

every Strategic Quotient admits a unique morphism to it.

Equivalently, the STS is the unique smallest Strategic Quotient. It retains one
point for each complete strategic-description tower and no redundant copies of the

same tower.

4.3 The Strategic Type Space

We now establish existence and uniqueness. First, the tower of any Strategic Quotient
recovers the ICR hierarchy of every Harsanyi type (Lemma 4.2). We then construct
the set S; of all best-reply hierarchies directly and show that these are exactly the
ICR hierarchies generated by types in Harsanyi type spaces (Lemma 4.3). Finally,
we define the belief maps ; and show that the resulting Strategic Quotient is the
smallest one (Lemma 4.4 and Theorem 4.1).

Our first result states that every Strategic Quotient allows us to recover the ICR

hierarchies from any Harsanyi type.

Lemma 4.2 (Strategic Towers Recover ICR). Let . = (S, 5,d) be a Strategic Quo-
tient. For every Harsanyi type space (T;,m;); and associated maps (x;); satisfying
Definition /.1,

d* (xi(t:)) = (ICR}(t:), ..., ICR{"(t,))

8



for every t; € T;, v € I, and m > 0.

Proofs not given in the main text are in the appendix.

We now construct the set S of all best-reply hierarchies. Level zero is the full
action set. At each subsequent level, a player holds a belief over nature and opponents’
preceding descriptions and records the resulting best-reply set. A finite hierarchy is
admissible when one belief generates all its levels.

We define the sets S inductively. An order-m hierarchy is an (m + 1)-tuple
s = (A, b, ..., b"), whose level-zero coordinate is A;. Set S? = {4;}. Given S™™1,

let S consist of the tuples in S~ ! x B; for which there exists p; € A Kxsm-1 satisfying

bri<margK,Z(pi)) = bf+17 l= 07 s — 17 (41)

where

margK,e(pi) = p; o (idg, proj,u)_l

is the marginal on the state and opponents’ level-¢ action sets. We define the set of

player ¢’s best-reply hierarchies as
S; = {s; € B : s" € S for every m € N}.

We equip S; with the o-algebra generated by its coordinate projections. This is the
full power set: by Claim A.1, every hierarchy is decreasing and hence changes only
finitely many times, so S; is countable; the coordinates separate its points.

The next lemma shows that § is exactly the set of ICR hierarchies that can arise

in Harsanyi type spaces.

Lemma 4.3 (Best-Reply Hierarchies are ICR Hierarchies). (i) A tuple s™ € B™t!
belongs to 8™ if and only if there exist a Harsanyi type space (T, ) and a type
profile t € T such that s™ = (ICR (1)) <.

(ii) A sequence s € BY belongs to S if and only if there exist a Harsanyi type space
(T,7) and a type profile t € T such that s = (ICR(t))ss0.

The “if” direction in both parts follows from the definitions. The converse requires
a single belief to generate every level of a complete hierarchy. Let 3Y be the constant

map with value (A;). For every m > 1, define the best-reply map on finite hierarchies



gm AszT.*l — 8" by

B (pi) = (Ai, bry(marg o (pi)), . . ., bri(marg ,,_1(pi)))- (4.2)

A belief p; on K x S_; induces, for every m > 1, a belief p/* on K x 8™ ! by
projection on the first m coordinates. The finite descriptions " (pl") agree under
truncation and therefore define a unique hierarchy, denoted f;(p;). This gives a map
Bit Agxs ;, = S;. For s; = (si0,8i1,-..) €S, define its order-m strategic description
by

d;n<81) = (Si,Oa s 7Si,m>7

and let b)"(s;) == $;m. The proof shows that §; is onto. The difficulty is to find one
belief that generates every round. Starting from a sufficiently long finite hierarchy, the
proof replaces opponents’ continuations so that they stop changing after a uniformly
bounded number of rounds; the resulting belief then generates the complete hierarchy.

The next lemma shows that these hierarchy spaces form a Strategic Quotient.

Lemma 4.4 (ICR Hierarchies Form a Strategic Quotient). (S, ,d) is a Strategic
Quotient.

By Lemma 4.2, the tower of any Strategic Quotient recovers every finite-order ICR
hierarchy. Lemma 4.3 identifies S with all complete ICR hierarchies, and Lemma 4.4
shows that this set is a Strategic Quotient. It remains to prove that this quotient is

terminal.

Theorem 4.1 (Existence and Uniqueness of the STS). The Strategic Quotient
(S, 8,d) is terminal. Consequently, the STS exists and is unique up to a unique

isomorphism.

5 Finite Representation of the STS

After a finite hierarchy, several infinite tails may remain possible. We use the set of
these possible tails as the state of the automaton.
For every m € N, player ¢, and finite hierarchy s!* € §/", define its continuation
set by
Ti(si") = {(Sims Simt1,---) 1 & € Sy and §]" = s]"'}. (5.1)

7 K3

10



Lemma 4.3 implies that every finite hierarchy has a complete extension, so these sets

are nonempty. Let
Q ={T:(s]") : 5" € §", m € N}. (5.2)

Theorem 5.1 (Finite continuation state space). For every player i, the set €; is
finite.

The proof is in Appendix A.2.2. Every ICR hierarchy is decreasing and therefore
has at most |A;] — 1 strict changes. Only the lengths of the intervening constant
periods can be unbounded. The finite best-reply update distinguishes only finitely
many effects of these lengths. A finite summary of the successive action sets and
the lengths of their constant periods therefore determines all possible continuations.

Since there are finitely many such summaries, §2; is finite.

5.1 Automaton Representation

An automaton for player ¢ is a tuple o, = (Qi,@-, 31»,@9), where €, is a finite set
of states, 0 Qs — B assigns a label to every state, 31 is a successor relation, and
@9 € € is the initial state. A path is a sequence (w?,w!,...) such that w? = & and
wn=,w ! for every m. Let P, denote the set of paths.
Every w; € €; is nonempty and all its elements have the same first coordinate.
Let /;(w;) denote this coordinate. Define
(9,61, b2, .. ) = (b;,b,...)

and, for w; C BY, let v;(w;) == {7i(x:) : 2; € w;}. For wy,w; € Q, set
Finally, let

wi = Ti((A:)).
Since every hierarchy begins with A;, w) = S;.

Theorem 5.2 (Finite automaton representation). For every player i, <f; = (8, 4;, =;

0
7w'

) is a finite automaton satisfying

{((w), ti(w),...) s (W) w},...) € Py} =S

11



Proof. 1f s; € S;, then w]™ == T;(s") defines a path and ¢;(w]) = s;m. Indeed, every
m+1

complete extension of s""" is also an extension of s, so

() € i (Ti(s))-

Conversely, consider a path (w]™),,. The order-zero prefix is automatic. Fix M > 1
m+1
m=M —1,...,0so that v;(z") = ", This gives 2? € w? = S; whose first M + 1
coordinates are £;(w?), ..., 4;(wM). Thus the first M + 1 labels belong to SM for every

M. By the definition of S;, the complete label sequence belongs to ;. n

and choose ¥ € wM. Since w C 7;(wl™), backward induction gives x!" € w!™ for

5.2 Examples

We present two examples with two players, states k¢, kg, and action sets {a, b}. When
action sets appear as hierarchy labels, we write a, b, and ab for {a}, {0}, and {a, b}.

In state kg, payoffs are given by the coordination game

a b
1,110,0
b|100]1,1

ka

In state kg, each player has a dominant action. The players have the same dominant
action in the first example and different dominant actions in the second. Dominance
states initiate the propagation of strategic reasoning in information design (Morris
et al., 2024) and global games (Carlsson and van Damme, 1993). The examples show
how the payoffs determine this propagation and hence the resulting STS.

Symmetric Dominance State In the first variant, action b is strictly dominant

for both players in state kp:

a b
-1,-1] 0,0
b| 0,0 | 1,1

ks

To begin the hierarchy, consider beliefs p; assigning probability one to the oppo-

nent’s full action set {a,b}. A compatible joint distribution preserves p;’s marginal

12



on the state and selects an opponent action in each state. Holding the state marginal
fixed gives the rectangles shown in the right panel of Figure 1. The left panel divides
the simplex Ak, k1% {ap} according to the resulting best replies. If p;(kg) < 1/2, the
entire rectangle lies in the region where b is the unique best reply. If p;(kg) > 1/2,
the rectangle reaches regions where a alone, b alone, or both are best replies. At

pi(ka) = 1/2, action a can tie with b but cannot be the unique best reply.

Figure 1: In the region between the shaded triangle and the triangle with vertices (a, kp),
(b,kp), and (b, kg), b is the unique best reply. In the region between the shaded triangle
and (a, kqg), a is the unique best reply. On the shaded triangle, both actions are best replies.
The boundary of the shaded triangle is excluded from the two outer regions.

For any player i and any belief p; assigning probability one to the opponent’s full

action set,

Thus the first-round best-reply set is
(1) bif pi(kp) > pi(ke);
(2) abif pi(kg) < pi(ke)-

In particular, no first-round belief yields a. At later rounds, beliefs are supported on
K x {ab,b}, and

(i.1) b if pi(kg, b) + pi(k) > pi(kg, ab);
(1.2) ab otherwise.

Hence ab may be followed by ab or b, while b is absorbing. Every path is realized
by the standard email-chain construction with 7; = N U {co}: type 0 is certain of
(kp,0), type t > 0 is certain of (kg,t — 1), and type oo is certain of (kg,00). The

latter remains at ab forever. Figure 2 therefore represents the STS exactly.

13



‘ (1), (1.1) or (2.1)

Start for Player ¢ —»D (2), (1.2) or (2.2)

Figure 2: STS automaton for player ¢ in the symmetric dominance-state example.
The bottom node is initial, and the double-circled node is absorbing.

Asymmetric Dominance State In the second variant, b is strictly dominant for

player 1 and a is strictly dominant for player 2 in state kp:

a b
0,110,0
b|1,111,0

ks

For a first-round belief p;, the best-reply sets are
(1.1) bvif i =1 and p;(kp) > pi(ke);

(2.1) aif i =2 and p;(kp) > pi(ka);

(3.1) abif pi(kg) < pi(ke).

For (1.1), the compatible selection least favorable to b chooses a at (kg, ab); for (2.1),
the selection least favorable to a chooses b there. At later rounds, player 1’s best-reply

set is

(1.2) aif pi(kg,a) > p1(ka, b) + pi(ke, ab) + pi(kp);
(1.3) bif p1(kg,a) + p1(ka, ab) < p1(kg,b) + p1(kp);
(1.4) ab otherwise.

For (1.2), the least favorable selection maps (kg, ab) to b and (kg, ab) to a; for (1.3),
it maps (kg,ab) to a and (kg, ab) to b.

For player 2, the corresponding conditions are

14



(2.2) aif pa(kg,a) + p2(kp) > pa(ka, b) + p2(ke, ab);
(2.3) b if pg(lﬂg, CL) + pg(k’(;, CLb) + pg(k’B) < pg(k(;, b),
(2.4) ab otherwise.

The least favorable selections are the same as for player 1.

These inequalities first imply a restriction at round two. If player 1 retains ab in
round one, then p;(kg) < p1(kg). Player 2’s first-round set is never b, so the induced
round-two belief satisfies p;(k,b) = 0 for every k. Condition (1.3) would require
p1(ke) < p1(kp), a contradiction. Thus player 1 cannot move from ab to b at round
two. Symmetrically, player 2 cannot move from ab to a at round two.

To establish the restrictions at every round, fix an arbitrary measurable Harsanyi
type space. Write p2(t;) = m;(t;)({kp} x T_;) and, for = € {a, b}, define

9ia(ti) = mi(ti){(ka, 1) : ICR”(t—;) = {z}}.
The best-reply conditions above become, with type arguments suppressed,

ICRT" ={a} <= gi,>1/2,
ICRi™ = {b} = pl+gi,>1/2
ICRy™ = {a} <= pj+g5,>1/2,
ICRy* = {b} <= g5, >1/2.

The remaining outcome is ab; equality at a threshold retains both actions. At round
one, only b can first become a singleton for player 1, and only a for player 2. Since
ICR hierarchies decrease, each singleton event grows with the round. For » > 1, a
threshold can newly be crossed at round r + 1 only if the corresponding opponent
singleton event has gained types at round r: otherwise its probability, and hence
the comparison, is unchanged. Induction therefore implies that player 1 can first
reach b only at odd rounds and a only at even rounds, with the opposite pattern for
player 2. This proves necessity of the transitions in Figure 3; the type construction
below proves sufficiency.

For each player, the designated ab node is the round-zero state. A path alternates

between the two ab nodes until it reaches an absorbing singleton, if ever.

15



(1.1), (1.3) or (2.3)

(3
start for P1 9@
3

1),
)

(2.1), (1.2) or (2.2)

(1.4) or

(2.4)
T

@P start for P2
~_
2.4)

.1),(1.4) or (2.

Figure 3: STS automata in the asymmetric dominance-state example. The left ab
node is initial for player 1, the right ab node is initial for player 2, and the double-

circled nodes are absorbing.

It remains to verify that every path is feasible. An information structure similar
to that of Rubinstein (1989) does so. Let each player’s type set be T; = N U {oc}.

For finite types, define

~

mi(k i | ;) =

) — Wiy Wl

r

t; > 0 and (k‘,t_l) = (kg,ti + 1),
t; >0 and (k?,t_z) = (kfc,ti — 1)7
ti =0 and (k,t,,L) = (kB,O),

otherwise,

and let type oo assign probability one to (kg,00). Induction using the preceding

best-reply conditions gives, for every m € N,

ICR™(t,) =

and

ICRS (t2) = <

b,

a,

ab,
\

t; € 2N and m > tq,
ty € 2N+ 1 and m > tq,

otherwise,

ty € 2N and m > t»,
to € 2N+ 1 and m > to,

otherwise.

A finite type t; reaches an absorbing singleton at round ¢; + 1, with the singleton
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determined by parity. Type oo remains at ab forever and therefore generates the path
that cycles forever between the two nonabsorbing nodes. Hence Figure 3 represents
the STS exactly.

The proof of Theorem 5.1 tracks this propagation through a finite update rule.
Here, propagation alternates across players and produces the period two visible in
Figure 3. In a general finite game, the initial phase and the eventual cycle may be

longer.

6 Discussion

Solution concepts and common priors We study information through its im-
plications for ICR. This solution concept is defined directly on Harsanyi type spaces,
can be computed separately for each type, imposes no common-prior restriction, and
admits the recursion used throughout the paper.

We now briefly discuss alternative approaches, which rely on different solution
concepts.

Related concepts include interim independent rationalizability (IIR) (Ely and
Peski, 2006) and interim partially correlated rationalizability (IPCR) (Tang, 2015).
For these concepts, action-set descriptions may not record enough information about
how a player correlates opponents’ actions. An analogous construction would there-
fore have to enrich each level with finite information about the allowed correlations.
Whether finitely many such descriptions suffice for a fixed game remains open. For
A-rationalizability (Battigalli and Siniscalchi, 2003), the tower would also depend on
the imposed belief restriction A.

In a companion paper (Gossner and Veiel, 2024), we represent ICR hierarchies
in common-prior models as Markov chains on finite state spaces and use this repre-
sentation to characterize rationalizable outcomes. Under a common prior, one may
instead study belief-invariant Bayes correlated equilibrium (BIBCE) as in Liu (2015).

Bayes—Nash equilibrium, belief-invariant Bayesian solutions, and agent-normal-
form correlated equilibrium (Forges, 1993) raise a related problem: their outcomes
may depend on correlation possibilities not recorded by action-set hierarchies. Fixing
the game may again permit a coarser representation, but these concepts lack the

iterative procedure used in our construction.

17



Universal Type Spaces as Strategic Quotients The universal spaces discussed
in Section 2 can also be viewed as Strategic Quotients. In the Mertens—Zamir space, a
universal type and its belief over nature and opponents’ universal types determine one
another. The inverse belief map gives the quotient structure, and the measurability
result of Dekel et al. (2007) supplies the ICR tower for every finite game.

Ely and Peski (2006) instead retain exactly the information needed for interim
independent rationalizability in every finite game. Their construction records hierar-
chies of beliefs conditional on K and relies on topology. It carries the corresponding
strategic descriptions for IIR, but it does not satisfy our quotient requirement on all
measurable Harsanyi type spaces.

The purely measurable universal space of Heifetz and Samet (1998) applies to the
same class of Harsanyi type spaces as our construction. Its belief map is onto and
has a measurable inverse, so this space is a type space quotient; Dekel et al. (2007)
again supplies its ICR tower. After fixing the game, hierarchies of best-reply sets
replace full hierarchies of beliefs. This gives a countable strategic representation with
finitely many continuation states. No topology is imposed on the input type spaces;

the proof does use compactness on an auxiliary finite-alphabet sequence space.

Further Extensions The STS may extend to infinite games through the version
of ICR in Weinstein and Yildiz (2011). The automaton representation relies on finite
state and action sets and would not extend directly. For continuous actions, endpoint

descriptions need not give a finite state space.
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A  Proofs

A.1 Preliminaries

We first show br; is measurable. For each a; € A;, let
Cz‘,ai = {p € AKXB,Z- Ta; € br,(p)}

This set is the projection on p of the compact set of pairs (p, q) satisfying ¢ € Q;(p)
and the finitely many payoff inequalities making a; optimal. Thus C;,, is closed. For
b; € B,
{p:bri(p) =b;} = ﬂ Cig;, N ﬂ Cfa,
a;€b; a;¢b;
is Borel, although it need not be closed. Consequently, the following recursion defines
measurable action-set maps on every measurable Harsanyi type space.

We begin with the monotonicity lemma used throughout the paper.

Lemma 4.1 Ifp; and pj admit a nested coupling, then br;(p;) C bry(p;").

Proof. Let \; be a nested coupling of p; and p;, and fix ¢; € Q;(p; ). Draw
(k,b—,,b".) according to \; and then draw a_; using the conditional probabilities
in ¢; given (k,b-;). This is possible because A; and ¢; have the same marginal p;”

on (k,b~;). Let ¢ be the resulting marginal on (k,b*,, a_;).
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The marginal of ¢;” on (k,b",) is p;. Moreover, a_; € b_, C b", almost surely, so
¢ € Qi(pj). The distributions ¢; and ¢; have the same marginal on K x A_; and
therefore give every action of player ¢ the same expected payoff. Hence every action

that is optimal under ¢; is also optimal under g;". O

A.2 Strategic Type Spaces
A.2.1 Characterization

Lemma 4.2 Let .¥ = (S, 5,d) be a Strategic Quotient. For every Harsanyi type
space (T;, m;); and associated maps (x;); satisfying Definition /.1,

4 (xi(t:)) = (ICR}(t;), ..., ICR"(t;))

for every t; € T;, v € I, and m > 0.

Proof. We proceed by induction on m. At m = 0, both sides equal (A4;). Suppose the
result holds at m. For t; € T}, let

pi = mi(t;) o (idg, x—i) "

The quotient property gives f;(p;) = x:(t;). By the tower property and the induction
hypothesis,

A7 (xa(ti)

(" (xi(ta), bri (pi o (idk, 7))
(ICR(;), ..., ICR(t )brz(m(t,) o (idg, ICR™,) ™))
(ICR(t;), ..., ICR™(t,)).

]

Claim A.1 (Monotonicity of Hierarchies). For every player i, every m > 1, every
resr

7 7

and every 0 <1 < m,

Sii+1 € Sy
Consequently, every hierarchy in S; is decreasing.

Proof. We proceed by induction on m. At m = 1, the assertion follows from s, o = A;.

m+1 c Serl

Suppose the claim holds at order m and fix s; The earlier inclusions are
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already contained in the prefix s, so only the inclusion between rounds m and m+1
remains.

Choose p"*!

m+1
i .

€ Agxsm generating s; By the induction hypothesis, every

opponent description in its support satisfies s;,, € s;j,,—1. The induced distri-

bution on (k,S_im,S_im-1) is therefore a nested coupling of marg ,(p/""") and

marg ,,_1(p/"*"). Lemma 4.1 gives

bry(marg ., (P ")) C bri(margs ,,_, (p]")).

By definition, the two sides are s; ,+1 and ;. ]

Lemma 4.3

(1) A tuple s™ € B™ belongs to 8™ if and only if there exist a Harsanyi type space
(T,7) and a type profile t € T such that s™ = (ICR*(t))s<m.

(ii) A sequence s € BY belongs to S if and only if there exist a Harsanyi type space
(T,7) and a type profile t € T such that s = (ICR(t))s>0.

Proof. Preliminary facts. Every hierarchy in §; is decreasing by Claim A.1. For
every p; € Agxs_,, the hierarchy S;(p;) belongs to S;, because the projection of p;
on K x 8™ ! generates its first m + 1 coordinates. Finally, every S is finite and
nonempty. Nonemptiness follows inductively by choosing any belief on the finite
nonempty set K x S™ ! and applying (4.2).
Part (1): finite hierarchies. Suppose first that ¢ is a type profile in a Harsanyi type
space. Its order-zero description is (A;); € S°. If its order-(m — 1) description belongs
to ™71 the distribution induced by 7;(#;) on nature and opponents’ order-(m — 1)
descriptions satisfies (4.1). Induction gives that its order-m description belongs to
8™ for every m.

Conversely, we show by induction on m that every s™ € 8™ is realized in a finite
Harsanyi type space. The assertion is immediate at m = 0. Fix m > 1 and suppose

it holds at order m — 1. For every player ¢, choose a belief
pzm S AK ><$:”i_1
that generates s]*. Only finitely many opponent descriptions occur in these beliefs.
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Complete each of them to a profile in ™! and, by the induction hypothesis, choose
a finite type space and a type profile realizing that completion.

Combine these finitely many spaces by taking disjoint copies of each player’s types;
old types retain their original beliefs inside their copy. Add one new type t; for each
player. For every opponent description r™ ! used by p}", choose a profile of opponent
types in the combined space that realizes it. Give ¢} the probability that p* assigns
to each state and corresponding opponent description. The induced distribution of
the state and opponents’ order-(m — 1) descriptions is therefore exactly p?, including
all its correlations. These beliefs can be specified separately for each player because
no common prior is imposed. Equation (4.1) now gives

(ICR)(t)), ..., ICR(t})) = s
for every i, proving part (7).

In particular, every s7* € S extends to an element of S;. Complete s to a

profile in 8™ and realize that profile as above. The complete ICR hierarchy of the

m

7. and all its finite prefixes belong to the recursively

corresponding type extends s

constructed sets by the first direction of part (7).

Mazximal continuations. We compare continuations by how long their actions survive.
A continuation is larger if it contains every action surviving in the smaller continuation

at every round. For s;, 8; € S;, write
5i i 8 &= s;, C 8, for every n.

For si" € &, let
Ci(si") ={8 € S : 8" = 5"},

denote its <;-maximal elements by S™(s™), and set

Sr=|J Ssm.

syreS™

We need two properties: S™(s™) is finite and nonempty, and every continuation
in C;(s™) is dominated by one of its elements. Give Bl the product topology. The set
S; is closed, since membership is determined by its finite truncations, and is therefore

compact. The same holds for C;(s}").
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A decreasing hierarchy is identified with its vector of deletion times
To(s;) =inf{n e N:a ¢ s;,}, a€ A,

where inf @ = oo. Under this identification, s; <; §; if and only if 7,(s;) < 7,(8;)
for every a. To see that any set of deletion-time vectors has finitely many maximal
elements, partition these elements according to the coordinates equal to co. There are
finitely many such patterns. Within each pattern, the remaining coordinates lie in a
finite power of N, whose antichains are finite by Dickson’s lemma. Distinct maximal
elements are incomparable, so each pattern contains only finitely many of them.

Fix s; € C;(s"). On the compact set

{§Z S Cz(S:n) DS = =§z}7

maximize

Z @(ﬂ;), (,0(71) =1- 2—n7 QO(OO) =1.

aGAi

Here N U {oo} carries the topology in which n — oo. The deletion-time map is
continuous because fixing a finite deletion time, or requiring it to exceed a given
round, imposes only finitely many coordinate conditions. The displayed function is
also continuous and strictly increases whenever some action survives longer and none
survives for less time. A maximizer is therefore maximal in C;(s/*) and dominates s;.

This proves both required properties. Since S is finite, S is finite as well.

Uniform stabilization. There exists M € N such that, for every player i, every m,
and every s; € 8™, the hierarchy s; is constant from round m + M onward. Since
there are finitely many players, each S? is finite, and every decreasing hierarchy is
eventually constant, a common M exists at m = 0. Suppose the assertion holds at
m — 1, and fix s; € S™. The idea is to replace each opponent’s continuation by a
maximal one agreeing through round m — 1. By induction, these continuations stop
changing by round m — 1 + M, so the player’s best replies stop changing one round
later.

Formally, let N = m + M. By the definition of S, there is a belief on K x

SN~1 that generates sV. Extend each opponent description in its finite support to a
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complete hierarchy. This gives a finitely supported belief p; € Ak s, satisfying
d;’ (Bi(pi)) = 7"
For every (k,z_;) in the support of p; and every j # ¢, choose

Replace each full support point jointly by (k,z_;) — (k,y_;), and denote the resulting
belief by p;. The joint distribution of the old and new profiles preserves the state
and is supported on nested action-set profiles at every round. Lemma 4.1 therefore
gives

Bi(pi)n C Bi(pf)n  for every n,

with equality through round m because every replacement preserves the order-(m—1)
opponent description. Since f3;(p;) agrees with s; through round N, it follows that
Sin C Bi(pi)n for every n < N.

By the induction hypothesis, every hierarchy in the support of p; is constant
from round m — 1 + M onward. Consequently, r; == S3;(p;") is constant from round
m + M = N onward. For n > N, monotonicity of the hierarchy and constancy of r;
give

Sim & Si,N & TiN = Tipn.

m

Thus s; =; r;. Moreover, r; € §; and r* = s*. Maximality of s; in C;(s") implies

r; = s;. This completes the induction.

One belief for every order. We can now prove that ; is onto. Fix s; € §;, and choose
m > 1 such that s; is constant from round m onward. Let N = m + M and extend
a belief generating s to a finitely supported belief p; € Agxs_., and replace every
hierarchy in its support by a dominating maximal continuation after round m — 1,
exactly as above. Let p; be the resulting belief and r; = 3;(p;"). Then r* = s, and
Sin C 1iy for every n < N. Since s; is constant after m and r; is decreasing,

Tin C© Tim = Sim = Sin for every n > m.

Hence r; and s; agree through round N. The support of p; consists of maximal

continuations after m — 1, so r; is constant from round m + M = N onward. It
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follows that r; = s;, proving that ; is onto.

Part (ii): complete hierarchies. The direction from Harsanyi type spaces to S fol-
lows from the finite-order argument. For the converse, each S; is countable, since a
decreasing hierarchy is determined by the finitely many deletion times (7,)qca,. For
every s; € S;, choose

pi(si) € B (s:).

Take T; = S; and define 7;(s;) = pi(s;). Since S; carries the full power set, these

selections are measurable. An induction on m gives
m
ICR,Z (Sl) = Si;m

for every player, every s; € §;, and every m. Hence this single Harsanyi type space

realizes every profile in S. m

Lemma 4.4 (S, [,d) is a Strategic Quotient.

Proof. We verify in turn that § is measurable and onto, that every Harsanyi type
space maps to (S, ), and that d is a strategic-description tower.

Lemma 4.3 establishes that each f; is onto. Each finite coordinate of f; is mea-
surable by the argument of (Dekel et al., 2007, Lemma 1): taking marginals is mea-
surable, and {p; : br;(p;) = b;} is Borel on the finite-dimensional simplex for every
b; € B;. Since S; carries the o-algebra generated by its coordinate projections, [3; is
measurable.

Let (T, 7) be a Harsanyi type space and define
Lemma 4.3 implies that y;(t;) € S;, and (Dekel et al., 2007, Lemma 1) implies that

X; is measurable. If

pi = m(t;) o (idg, )

then the definitions of ICR and j; give

a5 (Bi(pi)) = d" (xi(t:)) for every m.
Elements of S; are complete coordinate sequences, so these equalities imply §;(p;) =
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Xi(ti). Hence the diagram in Definition 4.1 commutes and (S, /) is a type space
quotient.
The maps d]" are measurable coordinate projections. By the definition of f3;, for

every p; € Agxs_,,
A (Bi(pi) = (& (Bi(ps)), brs (pi o (idge, b))
Hence d is a strategic-description tower. O

Theorem 4.1 The Strategic Quotient (S, 5,d) is terminal. Consequently, the STS

exists and is unique up to a unique isomorphism.

Proof. Let 7 = (5 , E , aAl/) be a Strategic Quotient, and let E;" denote the last coordi-

nate of czm Define

GG = (07(51)),s0

Thus (; sends a reduced type to its complete strategic-description tower. We show that
this map is well defined and measurable, preserves beliefs and strategic descriptions,
is onto, and is the only map with these properties.

We verify by induction on m that every finite prefix belongs to §/*. The assertion
is immediate at order zero. For m > 1, suppose it holds at order m — 1 and fix s;.
Because E, is onto, choose p; with BZ(@) = 5;. By the induction hypothesis, JT{l
takes values in 8™ !, so (idg, glvTi_l) induces from p; a belief on K x 8™, The tower
equations at orders 0,...,m — 1 give the coordinates of d™(3;). Thus d"(5;) € 8™,
and (;(s;) € S,

The map (; is measurable because each coordinate is measurable and the o-algebra
on §; is generated by the coordinate projections.

By construction,
d' o G = dy'.

For p; € Ay 5 ., set
pi = Di o (idg, (i)

The order-zero coordinates of ¢;(3:(p;)) and Bi(pi;) both equal A;. At every order
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m + 1, the tower property and gTi =b" o(_; give

52”“(51(@)) = br; (ﬁl o (idK,g’fl,)ﬂ)
= br; (pz' o (idg, b’fi)*l) = bzmH (@(pz))

Thus the quotient diagram in Definition 4.4 commutes.

It remains to show that (; is onto. Fix s; € §;. By Lemma 4.3, some type ¢; in
some Harsanyi type space has ICR hierarchy s;. Let X be the maps from that type
space to S supplied by Definition 4.1. Lemma 4.2 gives

czm (%(tz)) =s" for every m,

)

so Gi(Xi(t:)) = s;. Hence € is a morphism.
Finally, if Zis another morphism from . to (S, 3, d), then

di" o Zz = sz =d"o(; for every m.

Elements of §; are complete sequences of finite-order descriptions, so ZZ = (;. There-
fore (S, 3,d) is terminal. The uniqueness conclusion follows from the uniqueness of

terminal objects. O

A.2.2 Finiteness of the Continuation State Space

For s; € S;, let

Sic0 = ﬂ Sin-

neN
By Claim A.1, the sequence (s;,), is decreasing. Since A; is finite, it is eventually

constant at s; .. Let proj(s;) = s~ and let proj denote the corresponding

—1,00

product map.
Lemma A.1 (Limit best replies). Let p; € Axxs_,. Forn € N, let

p? =Dio (ZdK7 projfi,n)_la pfo =Pi© (ide projfi,oo)_l'
Then

Bi(Pi)oo = bri(pi°).
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Proof. We first use closedness to show that every action surviving at all sufficiently
large finite rounds remains a best reply under the limit marginal. Monotonicity gives
the reverse inclusion.

The distributions p}' and p{°® are obtained from the same draw under p;. Hence

0} — Dl rv < pi{s—im # S—ico}-

Every hierarchy is eventually constant, so the indicator of the event on the right
converges pointwise to zero. Dominated convergence gives p!' — p?° in total variation.

For every a; € A;, the set

{p € Akxp_, : a; € bry(p)}

is closed. Indeed, it is the projection on p of the compact set of pairs (p, ¢) satisfying
q € Qi(p) and

E,[ui(a;,a_i, k)] > Eyui(a), a_;, k)] for every a; € A;.

The projection is compact and hence closed.

Let b; = Bi(pi)oo- For all sufficiently large n, br;(p!") = Bi(pi)nt1 = bsi, because
the hierarchy (;(p;) is eventually constant. Closedness therefore gives b; C br;(p).
Conversely, the same draw from p; couples p{°® and p}' and satisfies s;., C s;,, for

every j # i. Lemma 4.1 gives
bri(pi®) € bri(p') = b;

for all sufficiently large n. O

We now prove finiteness by placing the continuation problem in finite domains.
This reduction uses the already constructed hierarchy space, including the base sets
R%> below; it does not assert a practical algorithm from the payoff matrix. The sets
R%* record the action sets that can occur jointly at selected rounds and in the limit
coordinate. The map ®, advances every selected round by one, while ¢, inserts round
zero. Two round counts will be treated as equivalent when they have the same effect
under every relevant update. Finally, the first and last rounds of the constant blocks

provide a finite summary of any prefix.
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We first record several coordinates of a hierarchy simultaneously. Repeated rounds

are allowed. For ¢ > 0, n = (ny,...,n,) with 0 <n; <--- < n,, and z; € BY, define

proj; > (2:) = (Timys -+ - Timgs Tio),  POJi- = (Proj; ™) -
Then
R} (n) = proj;"=(S;).

For ¢ = 0, write
R?’OO = {87;700 1S € SZ}

Thus R?™ has ¢ + 1 coordinates, including the limit coordinate. Let R%*°(n) =
(B (m))ier-
For r > 1, let

o= (2% \ {2}).

iel
Fix D = (D;); € ®R". For 1 < { <r, the product projection is proj_; ,(x_;) = (4);-
For i € AKXD,” let
pi; = i o (idg, proj_; ,) "
Define @, : SR" — R" by
O, (D); = {(bri(;), ..., bri(uf)) = pi € Axwn_, }- (A1)

For r > 2, define ¢, : R"~! — R" by

(D)= {(Ay,xf,....2x] ")t (zf,...,2]7 ") € D;}. (A.2)

Lemma A.2 (Coordinate recursion). For every g >1 and 0 <ny <--- <n,,
Rq’oo<n1 + 1, ey Ny + 1) = q)q-f—l (Rq’oo(nl, e ,nq)). (AS)

Moreover,
R¥>(0,ng,...,ng) = tg41 (Rq_l’oo(ng, . ,nq)). (A.4)

The empty argument on the right is omitted when q = 1.

Proof. Let n = (ny,...,n,). We prove the two inclusions in (A.3). Fix a player i.
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For the inclusion from left to right, take s; € S; and choose p; € Akys_, such that

This distribution is supported on K x R*;°(ny, ..., n,). Its first ¢ action-set marginals
generate (Sin 41, --,Sin,+1), and its limit marginal generates s; o, by Lemma A.1.
This proves the first inclusion.

For the reverse inclusion, take y; € ®,41(R?*°(n));. By the definition of &4,

some distribution
i € Ak xrr>m)

generates the coordinates of y;. For every player j # ¢ and every tuple z; € R?’Oo(n),

choose p;(w;) € S; such that proj;™(p;(z;)) = ;. Let p_; = (p;);z and define

pi = pi o (idge, p—i) ™!

Since each p; is a section of the coordinate projection,

pi o (idg, proj™*) ! = ;.

Thus (Bi(Pi)ni+1s - - -+ Bi(Di)n,+1) gives the first ¢ components of y;, and Lemma A.1
gives [i(pi)so, its final component. Hence y; € R (n; + 1,...,n, + 1), proving
the reverse inclusion. The construction is performed separately for each player; no
common-prior condition links the resulting beliefs.

Equation (A.4) follows from s; 0 = A;. O

Lemma A.3 (Gap representation). Let ¢ > 1 and 0 <ny < --- <n,. Set
g1 = Ny, ge=mng—mngy for2</(<q.
Then
R (ny,...,ng) = (PI) 0 1g11 0 P 01500 DY 01y) (R™™). (A.5)
Proof. Read the composition from right to left. The first insertion and shift give

(5" 0 12)(R™™) = R"(g,).
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After the next insertion and shift, the two selected rounds are g,—; and g,—1 + g,.

Continuing in this way, after processing gy, ..., g, the selected rounds are

9ns 9t Gh+1, -5 Gn T+ gg

The final selected rounds are therefore

(glvgl+927--'7gl+"'+gq): (n17'-'7nq)‘

Zero gaps allow repeated rounds. O

Set
Q = 2max|A4;| + 1.
il

For n,n’ € N, write
n=gn <<= ®"=3d" asmaps on R for every 1 <7 < Q. (A.6)

Let [n]g denote the equivalence class of n.

Lemma A.4 (Finite power signatures). The relation =¢ has finitely many equiva-

lence classes. Moreover,

/

n=gn = n+h=gn +h foreveryheN.

Proof. For every r < @, the set R" is finite. Hence the powers of &, take only finitely

many values as maps on R”. This proves the first assertion. For the second,

n+h _ mh n __ &h n' _ m&n'+h
P+ — Bl o P = Bl o B = P

O
For every weakly increasing vector n = (nq,...,n,), define its gap signature by
gapg(n) = ([nlg, ([ne — ne-1]Q)i—s) -
If ¢+ 1 < Q and gapgy(n) = gapg(n), Lemma A.3 and the definition of =¢ imply
R?*°(n) = R"*°(n). (A.7)
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We now identify the finite coordinates that determine a decreasing hierarchy. Let
z; = (Tin)nso € BY be decreasing, and write ;. = [, Zin. Suppose its strict
transitions occur at rounds
1<b <+ < by,

and set by = 0 and e, = b1 — 1 for 0 < h < d. Thus z; is constant on each interval

[by, en] for h < d and at every round n > b,. Define

C(l’l) = (bo, €0, bl, €ly.-., bdfl, €d—1, bd),

with the convention c(z;) = (by) when d = 0.

Lemma A.5 (Critical coordinates). Let ci, ..., coqy1 be the entries of c(x;). Then
x; € Sz

if and only iof
2d+1,
(l‘i,cl, . 7xi,62d+17$i,oo) S Rz + 00(01, A 7C2d+1>‘

2d+1,00

Proof. The forward implication follows from the definition of R; Conversely,

suppose the displayed tuple is generated by some s; € S;. Both s; and x; are decreas-

ing. On every finite constant interval,
Si,bh - xi,bh - xi,eh - 8i,€h7

and both sequences decrease, so every coordinate between these equal endpoints has
their common value. Thus s;,, = x;, for every by, < n < e;,. Similarly, s;5, = ip, =

Tico = Sico glVes equality at every n > by. Hence s; = ;. O

Consider a prefix s7* = (s;0,...,8.m) € S". Let
O:bo<bl<"'<bL§m

be the first rounds of its successive constant blocks, and set e;, = by,1 — 1 for 0 < h <

L. Define its prefix signature by

sigy(s7") = ((sip,)i=0> ([en — brl)rZgs m —bilq) - (A.8)
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Lemma A.6 (Prefix signatures). If
sig; (") = sig(57"),

then

Proof. The equality of signatures implies that the two prefixes visit the same chain

of action sets. Let
0=by<---<bp <m, O0=by<---<b,<m

be the first rounds of their corresponding constant blocks, and set e, = b, 1 — 1 and
én =bpir — 1 for h < L.

It is enough to show that every candidate tail extends both prefixes or neither.
Let 7, = (Ti0,Ti,-.-) € B? be any candidate continuation with 7,0 = $;m = 5im,
and form

T, = (Sz‘,o, e Siomy Tily Tiy25 - - ~)7

A

T; = (Sz',o, ey Simy Tily Ti25 - - )

The sequence z; is decreasing if and only if Z; is decreasing. If they are not decreasing,
neither belongs to ;.

Suppose they are decreasing. Since the prefixes visit the same chain of action
sets and the candidate tail is the same, z; and z; have the same number d of strict
transitions.

For a decreasing sequence z; and a cut round ¢, let c.(z;) be obtained from c(z;)
by inserting ¢ immediately after the first round of the constant block containing it.
Repeated rounds are retained when c is already the first or last round of that block.
Set

a=cp,(x;), a = c;(2;).

These vectors have the same length, and
proji™(z;) = proj;™ (&), (A.9)

because the two prefixes visit the same action sets and the continuation after their
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respective cuts is the same.

We next compare their gaps. Before the cut, each gap is the count e, — by, across
a completed constant block, the one-round gap b,.1 — e, = 1 between consecutive
blocks, or the count m — b; from the start of the current block to the cut. The
corresponding gaps for the second prefix are é;, — l;h, 1, and m — by. Equation (A.8)
assigns the same =g class to the first and third kinds, while the second kind is
identical. Every gap after the cut is identical because the candidate tail is the same.

Hence
gapg(a) = gapg(a). (A.10)

The augmented vectors have at most 2d 4 2 finite coordinates. Since d < |A;| —1,

their number of coordinates including the limit coordinate is at most
2d +3 <24+ 1< Q.
Equations (A.7) and (A.10) therefore give
R¥™(a) = R*™(a),

where ¢ is the common number of finite coordinates.

Adding the cut round does not change the criterion in Lemma A.5. If a hierarchy
generates the augmented tuple, deleting the cut coordinate gives the critical tuple,
and the lemma implies that the hierarchy coincides with the candidate at every round.

Combining this fact with (A.9) and the equality of the two coordinate sets gives
r; € S; — ;€8
The candidate tail belongs to both continuation sets or to neither. O

Proof of Theorem 5.1. A strict chain of nonempty subsets of A; has at most
|A;| — 1 strict transitions. There are finitely many such chains. The relation =¢ has
finitely many classes, and every prefix signature contains a bounded number of these
classes. Hence there are finitely many prefix signatures. Lemma A.6 shows that the

continuation set of a prefix depends only on its signature. Therefore €; is finite.
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